Abstract-Galerkin's method in the Hankel transform domain (HTD) is used for computing the resonant frequencies, quality factors, and radiation patterns of the resonant modes of circular microstrip patches. The patches are assumed to be embedded in multilayered dielectric substrates. In this paper, the dyadic Green's function of the problem in the HTD is determined in terms of the two-dimensional Fourier transform of a related Green's function. New basis functions for the current density on the patches are introduced. It is shown that these new basis functions ensure a very quick convergence of the numerical results obtained via the Galerkin's method with respect to the number of basis functions. Also, a very efficient technique is presented, which makes possible the fast computation of the infinite integrals arising from the application of Galerkin's method in the HTD. At the end of this paper, the numerical results obtained are compared with previously published numerical results, with numerical results computed by means of the electromagnetic simulator "Ensemble," and with measurements carried out by the authors. Good agreement is found in all cases among all sets of results.
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I. INTRODUCTION
C IRCULAR microstrip patches can find an application in microwave integrated circuits as planar resonators for oscillators and filters [1] . Also, circular microstrip patches can be used as resonant antennas [2] fed by means of either coaxial probes [3] , [4] , or microstrip lines [5] . Since the bandwidth of microstrip patch resonators and antennas around their operating resonant frequencies is known to be very narrow [1] , it is important to develop accurate algorithms for the computation of those resonant frequencies.
Multilayered dielectric media have also proven to have an application as substrates of both planar microwave integrated circuits and printed circuit antennas. For instance, several researchers have shown that the use of a superstrate or a double-layered substrate makes it possible to substantially increase the directivity of microstrip directional couplers [6] [7]. Apart from this application, one superstrate (radome) placed on top of a patch antenna can be used for protecting the antenna against environmental hazards, such as rain, fog, and snow [8] . If the superstrate is spaced away from the patch antenna, a distance multiple of a half-wavelength, then the superstrate not only acts as a protecting layer, but also acts as a directive parasitic element, which increases the gain of the antenna [9] . When a superstrate is placed on top of a patch antenna, the resonant frequency of the antenna is shifted, and this shift may take the antenna out of its original operating frequency band [8] . Therefore, an algorithm for the computation of the resonant frequencies of microstrip patches should be able to account for multilayered substrate effects. In this paper, the authors present a fast and accurate fullwave algorithm for the computation of the resonant frequencies, quality factors, and radiation patterns of the resonant modes of circular microstrip patches embedded in multilayered dielectric substrates. The determination of the resonant frequencies of circular microstrip patches was initially carried out by means of the cavity model [10] . Later on, these resonant frequencies were obtained by using modified cavity models involving the values of the capacitance of the circular patches [11] - [13] . Finally, rigorous full-wave methods of analysis were applied to the determination of the resonant frequencies of the circular patches. Among these methods, we should mention some perturbative approaches [14] - [16] , the Galerkin's method in the Hankel transform domain (HTD) with both vector Hankel transforms [14] , [15] , [17] , [18] and scalar Hankel transforms [19] - [21] , and the mixed-potential integral-equation (MPIE) method [1] . In this paper the authors modify the HTD method used in [19] for the full-wave analysis of circular patches on a single dielectric substrate in such a way that the method can handle circular patches embedded in multilayered dielectric substrates. For that purpose, a new technique is described, which makes it possible to obtain the dyadic Green's function of a multilayered substrate in the HTD in terms of the simpler two-dimensional Fourier transform (TDFT) of a related dyadic Green's function [22] . Also in this paper, the authors introduce new suitable basis functions for the approximation of the current density on circular microstrip patches, and they propose a technique for the fast computation of the infinite integrals arising from the application of Galerkin's method in the HTD. In Section V, the numerical results obtained with the new algorithm are checked against previous numerical results, against measurements, and against the numerical results provided by an electromagnetic simulator. Good agreement is found among all sets of results. Since very few papers dealing with the analysis of circular microstrip patches show results for higher order resonant modes [12] , [14] , [17] , the results presented in this paper not only refer to the fundamental resonant mode, but also to higher order modes. Fig. 1 shows the side and top views of a circular microstrip patch of radius embedded in a multilayered dielectric substrate. The th layer of the substrate is characterized by a permittivity ( ). Both the metallic circular patch and the ground plane are assumed to be perfect electric conductors (PEC's) of neglecting thickness. The dielectric materials of the substrate are assumed to be lossless and of infinite extent along the and coordinates. Also, it will be assumed that the electromagnetic fields existing inside the structure of Fig. 1 show a time dependence of the type (where is complex to account for radiation losses), which will be suppressed throughout.
II. HTD GREEN'S FUNCTION
Let be the surface current density existing on the patch of Fig. 1 under resonant conditions and let be the value of the transverse electric field [due to ] at the plane of the patch under the same conditions. The vector quantities and are related as follows: (1) where is a 2 2 matrix, which stands for the transverse dyadic Green's function [23] of the multilayered medium shown in Fig. 1 .
Let be an arbitrary function of the two variables and and let be its TDFT defined as
When the definition of TDFT given in (2) is applied to the two-dimensional convolution of (1), the following result is obtained: (3) where , , and stand for the TDFT of , , and , respectively. It should be pointed out that can be easily obtained for the multilayered medium of Fig. 1 by using the recurrent algorithm obtained via the equivalent boundary method [22] , [23] .
Equation (3) could be used as the starting point for the analysis of the resonant modes of the circular microstrip patch of Fig. 1 . However, (3) does not take advantage of the revolution symmetry of the structure of Fig. 1 around the -axis. In order to take advantage of that revolution symmetry, cylindrical coordinates and ( and ) must be introduced. Let and be the expressions of both the current density on the patch of Fig. 1 and the transverse electric field at the plane of the patch when cylindrical coordinates are used. If the Helmholtz equations for the axial field components, and are solved in cylindrical coordinates inside the structure of Fig. 1 , it can be shown that the dependence of and on the coordinate is of the type -being an integer number-and, as a consequence of this fact, the dependence of and on the coordinate will also be of the type [19] . Bearing this in mind, by analogy with the theory developed in [19] , we can define new functions and as (4) (5) where the dependence of and on the coordinate is explicitly written. It can be easily verified that the Cartesian components of can be expressed in terms of the functions and , defined in (4), as follows:
When (6) and (7) are introduced in (2) and the cylindrical coordinates and are used instead of and as integration variables, it is possible to obtain a relation between the TDFT of and , and the Hankel transforms of and . This relation can be written as (8) In (8), is the same vector quantity of (3), expressed as a function of polar spectral variables and ( and ), is a 2 2 unitary matrix given by (9) and, finally, is a vector quantity containing the th and the th Hankel transforms of and , i.e.,
By analogy with (8), it can also be shown that (11) where is the same vector quantity of (3) expressed as a function of and , and is a vector quantity containing the th and th Hankel transforms of the functions and [see (5)], i.e., (12) When (8) and (11) are substituted into (3), the following relation between and is obtained: (13) where is a 2 2 matrix, which can be calculated in terms of and as follows: (14) By comparing (3) and (13), it can be concluded that plays the role of a dyadic Green's function in the HTD. Also, (14) shows that can be easily obtained in terms of , which is the TDFT of the original dyadic Green's function of the problem. In Appendix A, a recurrent algorithm is provided, which makes it possible to compute for the multilayered dielectric substrate of Fig. 1 .
Whereas (3) does not take into account the revolution symmetry of the structure of Fig. 1 , (13) does take into account that revolution symmetry. An explicit proof of this statement is that only one spectral variable ( ) is involved in (13) . This latter fact implies that whereas only single numerical integrations are required when (13) is used in the spectraldomain analysis of the resonant modes of the circular patch of Fig. 1 (see Section III for more details), double numerical integrations are required when (3) is used for the same purpose [19] .
III. ANALYSIS OF THE RESONANT MODES VIA GALERKIN'S METHOD
In order to determine the resonant frequencies, quality factors, and radiation patterns for the th family of resonant modes (modes whose fields show a dependence on the coordinate of the type ) of the circular patch of Fig. 1 , the current density on the patch for these modes is approximated as follows: (15) where and are known basis functions, and are unknown coefficients to be determined. When the components of in (15) are substituted into (4) and the result is introduced in (10), the following approximation for the vector quantity is obtained:
where
Now, if we substitute (16) into (13), the following result is obtained: (19) By applying Galerkin's method in the HTD to (19) , as explained in [19] , it is possible to obtain a homogeneous system of linear equations for the unknown coefficients ( ), which is given by (20) where (21) In (20) and (21), the dependence of and on the angular frequency has been explicitly shown. It must be pointed out that the integrals of (21) have to be computed along an integration path located in the first quadrant of the complex -plane above the poles and the branch point of (see Fig. 2 ) [1] , [24] , [25] . In this paper, the branch cut for the branch point of has been taken to be the portion of hyperbola , (see Fig. 2 ) [24] , [25] . Although other choices of branch cut are possible [1] , the choice made in this paper is very convenient because it makes it possible to carry out the integrals of (21) on the same Riemann sheet of the complex -plane (see Fig. 2 ). Also, in this paper, the integration path for the integrals of (21) has been taken to be that shown in Fig. 2 with and . This integration path has always stayed above the poles and branch point of for practical cases, such as those treated in Section V. Also, the aforementioned integration path has always proven to be far enough from the poles and branch point of as to avoiding numerical problems.
For every value of the integer , the system of linear equations (20) has nontrivial solutions when (22) Equation (22) is an eigenequation for , from which the resonant frequencies and quality factors of the structure of Fig. 1 can be obtained. In fact, let ; be the set of complex roots of . In that case, the quantities ; stand for the resonant frequencies of the resonant modes of the circular microstrip patch and the quantities ; stand for the quality factors [1] . Since and (i.e., all the resonant modes in which can be grouped into pairs of degenerate resonant modes), without loss of generality, in the following, it will always be assumed that . It should be said that the roots of in the complex -plane have been obtained by the authors of this paper by means of the Muller method.
Once one of the roots of (22) is obtained and the system of equations (20) is solved for that root, the functions and [see (15) and (16)] can be obtained in a straightforward way for the corresponding resonant mode, and these latter functions can be used for computing the radiation fields in the region of Fig. 1 . According to [26] , the stationary phase method makes it possible to obtain the farfield pattern function on the air upper half-space of Fig. 1 in terms of the transverse electric field at the plane as follows: (23) where is a local set of spherical coordinates shown in Fig. 1 [ , , and are defined with respect to an origin placed at the plane of Fig. 1 , and stands for the TDFT of (value of the electric field at the limiting plane of the multilayered substrate of Fig. 1)] , written as a function of polar spectral variables and . Since can be recurrently obtained in terms of by using the equivalent boundary method [22] and can be obtained in terms of , it turns out that the vector quantity can be directly obtained in terms of as follows:
where and are defined in Appendix A. According to (24) , once is known, the components of , can be readily obtained and subsequently introduced in (23) for computing the far-zone electric field . The basis functions chosen in this paper for approximating the current density on the circular patch of Fig. 1 [see (15) ] have different expressions for axial-symmetric resonant modes ( ) [14] and for nonaxial symmetric resonant modes ( ) [15] . In the case of axial-symmetric modes, the basis functions are given by (25) (26) where stand for Chebyshev polynomials of second kind.
For nonaxial symmetric modes, the basis functions are given by (27) (28) where stand for Chebyshev polynomials of the first kind.
As shown in the results section, when the basis functions of (25)-(28) are employed in (15)- (22), the results obtained for via Galerkin's method converge very quickly with respect to the number of basis functions (
). This happens because the aforementioned basis functions very accurately reproduce the physical behavior of the current density on the circular patch of Fig. 1 for all resonant modes. On one hand, the basis functions of (25)- (28) correctly account for the singularities of and at the edge of the patch ( ). On the other hand, these basis functions provide a behavior for the current density around the center of the patch [ , , ; , and
; when ] which exactly coincides with that predicted by the magnetic-wall model for all resonant modes [14] , [15] . Another advantage of the basis functions of (25)- (28) is that their Hankel transforms [see (17) and (18)] can be obtained in closed form, which makes the application of Galerkin's method in the HTD very efficient from a computational point-of-view. The closed-form expressions for the Hankel transforms of the functions of (25)-(28) are shown in Appendix B.
IV. EFFICIENT COMPUTATION OF INFINITE INTEGRALS
When the Hankel transforms of the basis functions of (25)-(28) (see Appendix B) are introduced in (21), one obtains integrals with infinite limits whose integrands show an oscillatory slowly decaying behavior. An accurate computation of these integrals may take a long time if brute-force numerical integration is directly applied, which is a well-known drawback of spectral-domain methods of analysis [1] . In this paper, the authors present a novel technique leading to an important acceleration of the aforementioned infinite integrals. The technique is based on the fact that the asymptotic behavior of the HTD Green's function in the real axis of the complex -plane can be interpolated to a high precision in terms of Chebyshev polynomials of the variable [23] . In fact, it is found that given a certain (which is independent of for practical values of this latter quantity), when , one can write where the function can be expressed as
In (29), the unknown matrices ( ) must be obtained for a fixed by making and is the actual thickness of the th layer of Fig. 1 Although the first type of integral appearing in the righthand-side term of (30) has to be numerically computed, it turns out that the second type of integral (that with the upper infinite limit) can be obtained in closed form when the components of and are replaced by the Hankel transforms of the basis functions of (25)-(28) [see (43)- (62)]. This introduces important central processing unit (CPU) time savings in the numerical computation of the infinite integrals ; . In Appendix C, several details will be given concerning the closed-form calculation of the integrals with upper infinite limit (the so-called tail integrals) shown in (30).
V. NUMERICAL AND EXPERIMENTAL RESULTS
In Table I , the convergence of the numerical method described in Section III is checked with respect to the number of basis functions [of the type shown in (25)- (28)] used in the approximation of the current density on a circular microstrip patch for different resonant modes. It can be noticed that a small number of basis functions (three when , five when , and nine when ) suffices to obtain the resonant frequencies and quality factors of the resonant modes within four significant figures. This indicates that the basis functions of (25)- (28) are really appropriate for approximating the current density on circular microstrip patches because a small number of these functions provides a very accurate approximation of that current density. Since the basis functions of (25)-(28) make it possible to obtain very accurate results for the resonant frequencies and quality factors of circular microstrip patches, it is expected that the radiation pattern obtained with those basis functions will also be accurate.
In Figs. 3-5, our results for the resonant frequencies, quality factors, and radiation patterns of two of the resonant modes of circular microstrip patches are compared with results previously published in [1] , [14] , and [19] . Good agreement is found in most cases. In Fig. 3 , it can be checked that our numerical results for the resonant frequencies of the fundamental mode of different circular microstrip patches agree with those obtained in [1] and [19] within 2%. Also, our numerical results for the quality factors agree with those published in [1] within 5%. In Fig. 4 , excellent agreement is found between our numerical results for the radiation pattern of the fundamental resonant mode of a circular microstrip patch and the results presented in [1] . In Fig. 5 , our results for the radiation pattern of the first axial-symmetric mode of a circular microstrip patch are compared with the results obtained in [14] . Although both sets of results reproduce the same pattern shape, the half-power beamwidth of the lobe seems to around 10 higher in the results published in [14] than in our own results. This discrepancy is attributed to the fact that the basis functions used in [14] for approximating the current density on the circular microstrip patch do not account for edge singularities.
In Fig. 6 , the numerical results obtained with the method of Section III for the resonant frequencies of the first 11 resonant modes of several circular microstrip patches are compared with measurements carried out by the authors. In the experiments, the circular patches have been fed by means of capacitively coupled microstrip lines. The gap spacing between the feeding lines and patches has been experimentally adjusted. A tradeoff has been looked for so that this gap spacing is both big enough as not to significantly perturb the resonant field distribution around the patches and small enough to keep the patches excited above the noise level. In Fig. 6 , the agreement between theoretical and experimental results is very good since the discrepancies between the two sets of results lie within 2% in most cases.
In Tables II and III , our experimental results for the resonant frequencies of circular patches printed on a low-permittivity substrate are compared with both numerical results obtained with the method of Section III and numerical results obtained with the electromagnetic simulator "Ensemble." In the numerical simulations with "Ensemble," the feeding microstrip lines used in the experiments have been taken into account and the resonant frequencies have been computed from the minima of the reflection-coefficient magnitude at those feeding lines. Tables II and III show that the degree of discrepancy existing between our experimental and numerical results is of the same order as that existing between our experimental results and the numerical results provided by "Ensemble." However, it should be said that the numerical results obtained with "Ensemble" take much longer to be generated than our numerical results. Thus, whereas the determination of the reso- nant frequencies of any resonant mode of a circular microstrip patch via our method takes a few seconds in a Pentium 133 MHz PC, the determination of the resonant frequency of the fundamental mode for the same patch via "Ensemble" takes several minutes and, finally, the determination of the resonant frequencies of higher order modes via "Ensemble" may take several tenths of minutes and even more than 1 h. The reason why "Ensemble" is much slower in computing the resonant frequencies of higher order modes than the resonant frequency of the fundamental mode is based on the fact that the number of subsectional basis functions used by "Ensemble" for approximating the current density on the patch-following the MPIE formulation-is somehow proportional to the square of frequency (the size of these basis functions is proportional to the square of wavelength). Thus, the higher the resonant frequency, the larger the number of basis functions required for approximating the current density and the longer the time needed for computing the resonant frequency. This problem does not apply to the method of Section III since the number of basis functions required for approximating the current density in the fundamental mode is similar to that required in higher order modes (see Table I ).
In Fig. 7 , results are presented for the resonant frequencies and quality factors of the fundamental resonant mode of a circular microstrip patch with different superstrates [8] . The resonant frequencies of the structures with a superstrate are smaller than that of the structure without a superstrate since the effective permittivity of the medium surrounding the patch is higher in the former case than in the latter case. Also, the quality factors of the structures with a superstrate tend to be smaller than that of the structure without a superstrate since fringing field effects and radiation are more pronounced in the former case than in the latter case. Finally, Fig. 7 shows that the effect of the superstrate on the resonant frequency and quality factor of the circular patch analyzed is stronger as both the thickness and permittivity of the superstrate increase.
In Table IV , our experimental results for the resonant frequencies of the first resonant modes of a circular microstrip patch with a superstrate are compared with numerical results obtained with both the method of Section III and "Ensemble." The numerical results obtained with the method of Section III when the superstrate is absent are also shown. It can be noticed that the resonant frequencies computed without considering the superstrate are, in most cases, more than 5% above the experimental results. However, the resonant frequencies computed with our method in the presence of a superstrate agree on average within 1.5% of the experimental results. Concerning the results obtained with "Ensemble" in the presence of a superstrate, they agree on average within 2% with the experimental results. The sets of results in Table IV clearly show that when computing the resonant frequencies of a microstrip patch with a superstrate, the presence of the superstrate should not be neglected [8] .
In Fig. 8 , the authors present results for the resonant frequencies and quality factors of the first three resonant modes of a circular microstrip patch on a double-layered substrate [6] , [7] . The results plotted show that as the effective permittivity below the patch increases, the resonant frequencies decrease and the quality factors increase. This latter behavior is based on the fact that as the effective permittivity below the patch increases, the fringing field effects decrease and, therefore, the radiation emitted by the patch also decreases.
VI. CONCLUSIONS
Galerkin's method in the HTD has been used for the numerical calculation of the resonant frequencies, quality factors, and radiation patterns of the first resonant modes of circular microstrip patches embedded in multilayered dielectric substrates. A new mathematical expression has been developed, which makes it possible to compute the dyadic Green's function of a multilayered substrate in the HTD by using previous algorithms for the determination of the TDFT of a related dyadic Green's function. New basis functions have been introduced for approximating the current density on the patches. It has been shown that a small number of these basis functions suffices to obtain the resonant frequencies and quality factors of the resonant modes of the patches within three or four significant figures. A specific technique has been designed for the fast numerical computation of the infinite integrals arising from the application of Galerkin's method in the HTD. The numerical results obtained via Galerkin's method in the HTD have been compared with previously published numerical results, measurements and numerical results obtained via the electromagnetic simulator "Ensemble." Good agreement has been found in all cases. It should be pointed out that although both the method presented in this paper and "Ensemble" provide results of similar quality, for the particular structure analyzed in this paper, the CPU times required by our method are several orders of magnitude below those required by "Ensemble," especially when higher order modes are analyzed.
APPENDIX A
If the recurrent algorithm proposed in [22] for the computation of [see (3) ] is used in (14) , it is possible to show that the HTD dyadic Green's function of the multilayered substrate of Fig. 1 ), the Hankel transforms of the basis functions, shown in (25) and (26) , are given by [see (17) and (18) For nonaxial symmetric modes ( ), the Hankel transforms of the basis functions, shown in (27) and (28), are given by [see (17) and (18) 
